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TRANSIENT STATE ANALYSIS OF SEPARATED 
FLOW AROUND A SPHERE 
C. L. Lin and S. C. Lee 
University of Missouri-Rolla 
ABSTRACT 
iii 
Transient state solution of the Navier Stokes equation 
was obtained for incompressible flow around a sphere 
accelerating from zero initial velocity to its terminal free 
falling velocity. By assuming rotational symmetry around 
the axis in the falling direction, the Navier Stokes equation 
and the continuity equation were simplified in terms of 
vorticity and stream function. The instantaneous acceler-
ation of the falling sphere was calculated by considering the 
difference between the gravitational force and the drag 
force in a transient state. The governing partial differ-
ential equations were non-dimensionalized. A set of implicit 
finite difference equations was developed. In order to 
obtain accurate information around the body, an exponential 
transformation along the rad ial direction was used to provide 
finer meshes in the vicinity closer to the surface of the 
sphere. The vorticity equation was solved by an alternating 
direction implicit (ADI) method while the stream function 
equation was solved by a successive over-relaxation (SOR) 
method. Simultaneous solutions were obtained. Transient 
state solutions were compared with steady state solutions 
iv 
for Reynolds numbers up to 300. Separations were found 
to be at Reynolds number 20 for steady state flows and at 
Reynolds numbers 22.46 and 28.24 for transient state flows 
I 
with terminal Reynolds numbers of 100 and 300, respectively. 
Separation angles, sizes of separation regions and drag 
coefficients were calculated for both steady and unsteady 
states. Good agreement was obtained by comparing with 
existing experimental data when steady state was reached. 
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TRANSIENT STATE ANALYSIS OF SEPARATED 
FLOW AROUND A SPHERE 
C. L. Lin and S. C. Lee 
University of Missouri-Rolla 
INTRODUCTION 
1 
Current interest in motions of small particles in the 
atmosphere leads to a great number of extensive investiga-
tions on flow around spherical bodies. Approximate solu-
tions for steady state laminar flow at very low Reynolds 
numbers (R~ ~ 1) have been obtained by Stokes [1] and 
Oseen [2]. Stokes assumed that the inertia force was 
negligible. Oseen used the small perturbation technique 
to linearize the equation of motion. The exact solution 
to Oseen's linearized equation was obtained by Goldstein 
[3]. Based on Goldstein's analysis, the flow pattern 
around a spherical body was then calculated in detail by 
Tomotika and Aoi [4] and Pearcey and McHugh [5]. Im-
provement of these analyses was made by Proudman and 
Pearson [6] for the purpose of covering higher Reynolds 
number regions. However, the improvement was found, by 
the experimental work of Maxworthy [7], to be valid 
only for Reynolds number below 1.3. In order to 
analyze the flow patterns at steady state where inertia 
force cannot be ignored, numerical solutions of the 
nonlinear Navier Stokes equations were obtained by 
2 
Jenson [8] for Reynolds numbers up to 40. With modern com-
puters, Hamielec et al [9] improved Jenson's analysis for 
Reynolds numbers up to 100 and LeClair et al [10] refined 
the numerical computation to cover the Reynolds number 
region up to 400. LeClair et al's results agree well the 
empirical relations of Pruppacher and Steinberger [11] 
and Beard and Pruppacher [12]. Numerical solution of the 
unsteady state Navier Stokes equations was obtained by 
Rimon and Cheng [13]. However, when steady state was 
reached, Rimon and Cheng's results differed from LeClair 
et al's results on separation angles in the Reynolds 
number region between 10 and 20, on surface pressure 
distributions for all of the studied cases (Re < 300), 
and on surface vorticity distributions in the separated 
flow region for Reynolds numbers greater than 100. Rimon 
and Cheng's method was used by Shafrir and Tzvi [14] with 
an improved boundary condition for terminal Reynolds 
numbers up to 104. Shafrir and Tzvi's results gave 
closer agreement with LeClair et al's results than those 
of Rimon and Cheng. Experimental data of Taneda [15] 
also seems to support LeClair et al's findings. This 
study was initiated to develop a new method for transient 
state analysis to evaluate the flow pattern around an 
accelerating particle of spherical shape. 
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THEORETICAL ANALYSIS 
The governing equations for an incompressible flow 
around a spherical body with rotational symmetry in the 
direction may be written as follows: 
E2 ~ = r sine w (1) 
aw av a · w a~ a ~ ~ - 2 . 
rat+ar aeCrs1n8)-ae arCrs1ne)= S1n8E (rslne w) (2) 
2 a 2 s in e ·a · · · 1 · a 
where E =· -:-z- --z- -C-.- -) ; 
ar r ae s1ne ae 
w and ~ are the dependent variables of vorticity and stream 
function, respectively; (r,e) and t are the independent 
variables of space and time, respectively. The 
instantaneous acceleration of a falling sphere can be 
obtained from the difference between the gravitational 
force and drag force: 
(3) 
Introducing the characteristic dimensions of length R 
and velocity Us' the dependent variables of stream function, 







(Re)s = v 
The independent variables t, r and e then become 






e' = e 
Since the flow field variations take place more rapidly in 
the close vicinity of the sphere than the regions at a 
larger distance from the sphere, it is necessary to trans-
form the radial direction by an exponential function 
. ( 6) 
The non-dimensionalized governing equations then become 
(dropping the primes for simplicity): 
't' 2 3 z . 0 ~ '¥-we s1:n8= 
~ + (Re)s a'¥ aF 
at 2e2z Caz- as 




sine e s 
1 
d(Re)s ZgR3 
dt = 2 (l-
\) 
where F = w z . 
e s1ne 
G z . =we s1n8 
"'z = ~a2 _ a a 1 a ~ ~ z + sine ~e (--.--- -) 




dt 0 ( 8) 
'(9) 
Equations (7), (8) and (9) may be solved simultaneously 
for the stream function, ~, the vorticity, w, and the 
instantaneous Reynolds number, (Re) , in terms of the 
s 
independent variables oft, rand e. 
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FINITE DIFFERENCE EQUATIONS 
Numerical solutions can be obtained by using central 
difference and forward difference approximations for the 
space and time coordinates, respectively. The finite 
difference equations may be written as follows: 
1. Stream Function 
6 
The stream function equation may be written in the form 
of the following finite difference equation which can be 
solved by a successive over-relaxation (SOR) method: 
h -- 1 (-2 w ere AA ""17 L.a a 1) 
AB = 1 ( 2 - cote ) 10 o 0 
Ac = 1 (~ + 1) ra a 
AD 1 ( 2 + cote ) = 10 o 0 
A = 2 c\ + 1 ) 0 a bz 
(1 O) 
with a = 1:1 z and b = 1:1e • The subscripts A, B, C, D and 0 refer 
to the locations of the grid points in space as shown in 
Figure 1. 
2. Vorticity 
The vorticity equation may be written as two finite 
difference equations which can be solved by an alternating 
directional implicit (ADI) scheme: 
(1) The first half time step, (n+~), is given in the 
a direction as 
n+~ 
WB SB + 
where sB = 
sn =-
n+~ 
wo so + 
n+~ 
WD SD + s = 
(Re) [ n+ 1 s 
'¥A 16 b 32 · a e s1naB 
sinaB 1 cota 0 
sina 0e 
Zz [--z - Zb J b 
lRe) s 
16abe 3z sinaD 
sin aD [1 






+ 2b J 
0 (11) 
n+1 
'i'n 'i'n J '¥c + A c 
n+1 
'¥c + 'i'n A 'i'n c ] 
7 
Gn -Gn n d(R ) A C wO e s n 
2a ]*(Re)[ dt J 
s 
(2) The second half time step, (n+1), 1s given in 
the z direction as 
n+1 n+1 n+l WA ~A + wo ~0 + we ~c + ~ = 0 (12) 
(Re) [ n+l n+l 'l'n \J'n] where ~A s = - 'l'B 'I'D + -16abe 3z+a sine B D 
0 
1 [~ 1 2z-a -raJ 
e a 
(Re) ['l'n+l n+l 'l'n 'l'n] ~c s = 'I'D + ]6abe 3z-a sine B B D 
0 
1 [ 1 + 1] 
Zz+a --r La e a 
t;o 
2 + 2 = 8t 2 Zz a e 
n+~ 2w (Re)
5 ~ 0 [ n+1 n+1 'l'n n][ n+~ n+~J = - + 
16abe 22 \VA -'~'c + -'l'C FB -FD llt A 
Gn+~ 1 . 1 Gn+~ Gn+~ 2G~+ ~+G~+~ 
-1 [ B cote B D 3z - 2b ] sine e b 0 
0 
n+~ d (Re) n 
+ 
wo [ dt s ] (Re) 
s 
The superscripts n, n+~ and n+l designate the present, 
the first-half and the second-half time steps, respectively. 
d(Re)s n 
The term (~t---) denotes the slope of the instantaneous 
Reynolds number at the present time step and (Re) is the 
s 
n n+1 
average value of (Re) and (Re) . 
s s 
3. Instantaneous Reynolds Number 
The instantaneous Reynolds number can be calculated by 
8 
9 
using two successive numerical techniques as given by Conte 
[ 16] . 
(1) The Reynolds number at the (n+1) th time step may 
be estimated by the Adams-Bashforth's prediction formula: 
(2) The estimation may then be refined by the Adams-
Moulton correction formula: 
where fn denote the slope of the instantaneous Reynolds 
number at the n th time step as given in equation (9). 
(14) 
BOUNDARY CONDITIONS 
The initial condition is given such that the sphere 
begins to fall when the surrounding medium is not yet 
disturbed: 
10 
t=O '¥=0 , w=O , (Re) =0 , 
s 
everywhere (1 5) 
The boundary conditions are such that, for all studied 
time intervals, the axis of symmetry remains undisturbed; 
the surface velocity is zero; and the free stream is at an 
uniform falling velocity of the sphere. The dimensionless 
form of the boundary conditions, as shown schematically in 





at e=O for all z 
'¥=0 
' 
w=O at e=TI for all z 
az'l' 
(16) 
'¥=0 1 at z=O for all e 
' 
w=------ ;;r ' s1ne 
'l'=!ze 2z . 2 w=O at for all s1n e 
' ' 
z+oo e 
Numerical solutions may then be obtained by solving 
the stream function equation, the vorticity equation and 
the Reynolds number equation simultaneously for a given 




Solutions for stream function and vorticity were 
obtained for both steady and unsteady states. Figure 2 
shows the steady state solutions for Reynolds numbers of 
5, 20, 40, 100, 200 and 300. It can be seen that the 
recirculation region begins to develop at Reynolds number 
20 and increases its size as Reynolds number increases. 
Moreover, the vorticity gradient increases very rapidly 
with Reynolds numbers at the surface of the sphere. 
Figure 3 shows the transient state solutions for falling 
sphere at terminal Reynolds numbers (T.R.) of 100 and 300 
with local Reynolds numbers (Re)s of 5, 40 and 90. It 
is noted that, at the same local Reynolds number, the 
recirculating region at T.R. =100 is larger than that 
at T.R. =300. Comparison between the steady state and 
the transient state solutions is shown in Figure 4. 
It is evident that a smaller recirculating region occurs 
in accelerating flow in comparison with the fully developed 
steady state flow at the same local Reynolds number. 
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DRAG EVALUATION 
The drag force of a falling sphere consists of the skin 
friction drag and pressure drag: 
The skin friction drag coefficient can be calculated 
through vorticity as 
CDF = (R!)s I 
0 
'TT 
. 2 d 
wlz=O s1n e e (17) 
The pressure drag coefficient can be obtained through 
vorticity and stream function as 
'TT 
CDP = I p-P sin2ede ~pU 2 




e d(Re) )) ]d~ + (aw+w) de+l-cose dt s} 
- az lz=O (Re) 
s 
0 
Figures 5 and 6 show the vorticity and pressure 
(18) 
distributions, respectively, at the surface of the sphere at 
various local Reynolds numbers for both steady state and 
unsteady state flows. The total drag coefficient, as shown 
in Figure 7, was calculated by summing the skin friction 
drag and the pressure drag. It can be seen that the drag 
coefficient at steady state agrees well with existing 
experimental data as given by Schlichting [17]. An 
empirical relation for the steady state drag coefficient 
is proposed as : 
"24 ~ CD=~ (1 + 0.2207 Re 2 +0.0125 Re) (19) 
for Reynolds numbers up to 1000. Available formulae for 
calculating drag coefficient are listed in Table 1 for 
reference. Transient state drag coefficients were also 
calculated for terminal Reynolds numbers of 100 and 300 
and are shown by broken lines in Figure 7. 
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FLOW SEPARATION 
Comparisons with experimental data on separation angle 
and wake length are shown in Figures 8 and 9, respectively. 
The steady state solutions indicate that flow separation 
occurs at Reynolds number 20. The unsteady state solutions 
indicate that separation occurs at Reynolds numbers 22.46 
14 
and 28.24 for terminal Reynolds numbers of 100 and 300, 
respectively. Taneda reported that oscillations of the 
separated flow region were observed for terminal Reynolds 
numbers greater than 130. Preliminary results of the 
numerical solutions also indicated the oscillatory phenomenon 
which was later confirmed to be the cause of numerical 
instability. 
EFFECTS OF STEP SIZES AND OUTER BOUNDARY 
ON NUMERICAL CALCULATIONS 
15 
Numerical instability usually causes divergence which 
in turn prohibits obtaining a numerical solution. An 
analytical method of determining the stability criterion 
is not available for nonlinear equations. Quasi-linear-
ization is usually being used to give a rough approxima-
tion for the required step sizes. However, under certain 
conditions an unstable solution may oscillate within a 
given range which may be misinterpreted as a physical 
phenomenon. The transient state analysis of separated 
flow around a sphere is one of such examples, in which 
the oscillation is largely due to the chosen step sizes. 
The sizes of ~z, ~e and ~t theoretically have to be 
infinitesimally small. In numerical computations, 
however, the step sizes will be considered as sufficiently 
small to satisfy the mathematical requirement, when a 
decrease of the step size does not affect the solution. 
Table 2 shows the sizes used in this study. It is 
necessary to point out that the mesh size is a function 
of the terminal Reynolds number. The mesh sizes of 
~z=O.l and ~6=6° were originally used for all Reynolds 
numbers and stable solutions were reached for all cases 
with terminal Reynolds numbers less than 100. However, 
at terminal Reynolds numbers of 200 and 300, the calcu-
lated flow patterns in the wake region of the sphere 
fluctuated within a certain limit. The dash lines in 
16 
Figure 10 shows the variation of wake length and separation 
angle with respect to time at various terminal Reynolds 
numbers ranging between 40 and 300. Experimental data 
obtained by Taneda [17] also showed such an oscillatory 
motion at terminal Reynolds numbers larger than 130. In 
order to have a reasonable assurance that this phenomenon 
was not caused by numerical instability, the mesh size was 
reduced to ~z = 0.03 and ~e = 3°. The solid lines in 
Figure 10 show that the solutions are stable even for the 
cases with terminal Reynolds numbers of 200 and 300 if the 
mesh sizes are sufficiently small. It is therefore 
necessary to conclude that oscillatory phenomenon obtained 
in the analytical solution with larger values of ~z and ~e 
is due to numerical instability. 
The question whether 130 is the critical Reynolds 
number in a laminar flow around a sphere cannot be answered 
in this study, because the analysis assumes rotational 
symmetry which may prevent the development of a realistic 
flow pattern. It is felt that the critical Reynolds 
number can only be determined numerically by analyzing the 
three dimensional transient flow field around a spherical 
body. 
In addition to step sizes the accuracy of the numeri-
cal solution is also affected by the outer boundary. 
Theoretically, the limit of the outer boundary is at in-
finity. Unfortunately, such a limit cannot be used in 
numerical computations. Some large distance from the 
17 
sphere therefore has to be assumed as the outer boundary. 
The distance is determined in such a way that further 
increases in the outer boundary does not affect the 
solution. This distance of the outer boundary is then 
considered as sufficiently large to satisfy the mathe-
matical requirement. Table 3 indicates the effect of the 
outer boundary. An increase of the larger value of Z 
00 
does not result in any appreciable difference in drag. 
As Reynolds number increases, the effect of the outer 
boundary to the accuracy of the numerical solution 
gradually decreases while the effect of the step sizes 
become more important. 
CONCLUSIONS 
Transient state analysis was conducted for separated 
flow around a sphere. The analytical results agreed well 
with available experimental data and other analytical solu-
tions when steady state was reached. The development of 
the separation region was found to be a function of the 
local Reynolds number for accelerating flows. At steady 
state, flow separation occurs at a Reynolds number of 20. 
At transient state, flow separation occurs at local Reynolds 
numbers of 22.46 and 28.24 for accelerating spheres with 
terminal Reynolds numbers of 100 and 300, respectively. 
18 
Drag coefficient of a traveling sphere at a constant 
velocity is usually determined by using an empirical formula. 
Based on the comparison between analytical and experimental 
results, a simple relation was obtained for calculating drag 
coefficient of a sphere traveling at a steady state with 
a Reynolds number range between one and one thousand. 
critical Reynolds number for laminar instability was 
not determined. Assuming rotational symmetry to analyze 
the transient state flow pattern around a sphere, this study 
was not able to confirm the experimental observation that 
the laminar instability occurred at a critical Reynolds 
number of approximately 130. 
19 
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NOMENCLATURE 
a lattice spacing in radial direction 
A location of grid point in the positive z direction 
b lattice spacing in angular direction 
B location of grid point in the positive e direction 
C location of grid point in the negative z direction 
CD total drag coefficient 
CDF drag coefficient due to skin friction 
CDP drag coefficient due to surface pressure 
d diameter of sphere 
D location of grid point in the negative e direction 
g gravitational acceleration 
1 wake length 
o location of grid point, the origin 
p static pressure at surface of sphere 
p static pressure in free stream 
r radial distance 
r • radial distance of outer boundary 
00 
R radius of sphere 
(Re) · local Reynolds number 
s 
t time 
T.R. terminal Reynolds number 
U terminal free stream velocity 
Us local free stream velocity 
z dimensionless radial coordinate 




'¥ stream function 
w vorticity 
11 dynamic viscosity 
\) kinetic viscosity 
p density of the medium 
Ps density of the sphere 
22 
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Figure 1. Schematic Diagram for Boundary Conditions and Nomenclatures 
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Comparisons of Streamlines and Vortices Around a 
Sphere Between Steady State Flow and Transient 
State Flow 
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Figure 10. Effects of Step Sizes on Numerical 
Instability at Steady State 
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Table 1. Formulae for Calculating Steady State Drag Coefficient 
NAME YEAR DRAG COEFFICIENT , Co REYNOLDS NO. 
Stokes 1851 24 Re Re ~ 0 
Oseen 1910 ~[1 +~Re] Re 16 Re ~ I 
Goldstein 1929 .24...[1+~Re-_fl_R€+ 71 R: ~~ 12251~ Re 16 1280 20480 5ED742 e Re < I 
Proudma1 a Pearson 1957 
24 [ 3 9 2 
Re I+T6Re+ 160Re In ( Re/2) J Re ~ 1.3 
Pruppacher 8 
1968 
~: [1 + 0.102 R~-95 ] 0.001~ ReS2 
Steinberger ~! [1 +0.1 15 Rg.eo ] 2 < Re<IO 
24 [ 0.955 ] 0.2~Re~2 Re I +0.102 Re 
Beard a ~: [1 +0.115 Rg 802 ] 1969 2<Re~20 Pruppacher 
~: [1 +0.189 R3'632 J 20<Re~200 
Present Result ~: [1 +0.2207 Re' 2+0.0I25 Re ] I~ Re~IOOO 
Table 2. Step Sizes and Outer Boundaries Used in Numerical Calculations 
~ 5 10 20 40 100 200 300 , 
a 0.1 0. I 0.1 0.1 0.05 0.03 0.03 
b so so so so so 30 30 
t 0.01 0.01 0.02 0.03 0.03 0.002-0.03 0.001-0.03 
rro 










Table 3. Effect of Outer Boundary on Steady State Drag 
Calculations 
Re = 5 - 40 : a =.I , b= 6° 
Re = 100 a =.05, b= 6° 
5 20 40 100 
4 1.8 4 1.8 3 1.8 
54.598 6.049 54.598 6.049 20.086 6.049 
2.5172 I. I 012 1.0195 .7230 .6744 .5243 
4.8751 1.8872 1.7848 1.1811 1.1303 .6679 




14.880 i I 
I 
I 
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